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Abstract: A scan of the top quark pair production threshold at a future electron-positron
collider provides the possibility for high-precision measurements of the top quark mass, and,
when using two dimensional fits of the measured cross sections, also of other properties such
as the width and the Yukawa coupling. The energy range of the scan and the distribution
of the integrated luminosity can be optimized depending on the main goals of the threshold
program. This contribution examines the possibility to determine the top quark mass in fast
exploratory measurements with an adequate precision to enable such an optimization, and
studies a scanning program with a reduced energy range of 6 GeV for the measurement of
the mass, width and the Yukawa coupling, taking theoretical uncertainties from QCD scale
variations and parametric uncertainties from the strong coupling constant into account.
Talk presented at the International Workshop on Future Linear Colliders (LCWS2018), Arlington,
Texas, 22-26 October 2018. C18-10-22.
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1 Introduction
The precise study of top quarks is a central aspects of the physics program of future energy-
frontier electron positron colliders. One component the top physics program at such a
collider is a scan of the pair production threshold in e+e− annihilation, which provides the
possibility for a precise measurement of the mass and width, as already recognized well
before the discovery of the top quark itself [1–3].
Previous studies [4–6] have demonstrated that statistical uncertainties on the level of
20 MeV or better are achievable for the top quark mass with a theoretically well-defined
mass definition in a threshold scan with an integrated luminosity of 100 fb−1. The main
experimental systematics are expected to be on the level of 30 to 50 MeV [5, 7], with uncer-
tainties from non-resonant top production [8] and parametric uncertainties from the strong
coupling constant [9] taking the present uncertainty of the αs world average contributing
at the few 10 MeV level. Theoretical uncertainties, evaluated from scale variation of fixed-
order NNNLO QCD calculations [10] in the potential-subtracted (PS) mass scheme [11],
have been found to be on the order of 40 MeV [9, 12], putting total uncertainties of 75 MeV
or below into reach.
In this contribution, the analysis described in [5, 9, 12] is extended to two-dimensional
extractions of the top quark mass and width and of the mass and the Yukawa coupling.
In this framework, the energy range and the scanning strategy of the threshold scan is
investigated. Here, the 500 GeV (TDR) version of the International Linear Collider ILC
[13] is used as the basis for the study, assuming a total integrated luminosity of 200 fb−1 used
for the threshold scan. Beam polarisation, which would result in more favourable signal to
background ratios for certain configurations, is ignored in the present study. The conclusions
are in general also valid for CLIC [14, 15] and FCCee [16]. A corresponding study for CLIC
assuming a ten-point threshold scan with an integrated luminosity of 100 fb−1, using the
same framework as the study presented here, is included in [17].
2 The simulation study
The present study builds on the technique developed in [5], obtaining simulated cross section
measurements from a combination of the NNNLO top pair production cross section with
the signal reconstruction efficiencies and expected background levels from full detector
simulations performed slightly above the top pair production threshold.
Following [5], a signal efficiency of 70.2% is assumed for the cross section measure-
ment, with an effective background level after all selection cuts of 73 fb. Both numbers
are assumed to be energy independent over the range of the threshold scan. The top pair
production cross section in the threshold region is generated using version 1.0 of the code
QQbar_threshold [18], incorporating fixed-order NNNLO QCD calculations [10] with addi-
tional corrections [19–21]. Throughout the study, a top quark mass of mPSt = 171.5 GeV, a
width of Γt = 1.37 GeV and a strong coupling of αs(mZ) = 0.1185 is assumed. The default
scale for the calculation is taken to be µ = 80 GeV. Within the chosen parameter set, the
top quark mass corresponds to a pole mass of mpolet = 173.3 GeV, compatible with current
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Figure 1. Left: The top pair production cross section in the threshold region, corrected for
ISR and the ILC luminosity spectrum. The effect of mass and width variations as well as the
theory uncertainties given by scale variations, and the statistical uncertainty of typical data points
with an integrated luminosity of 20 fb−1 each, are shown. Right: The size of the cross section
uncertainty due to scale variations compared to variations of the cross section for typical expected
statistical uncertainties of measurements at a future collider or external uncertainties for a selection
of parameters. Also shown are the statistical uncertainties of a 20 fb−1 data point, and the regions
most sensitive to particular parameters.
LHC measurements. The theory cross section is corrected for initial state radiation and for
the luminosity spectrum of the collider as described in [5].
Figure 1 shows the top quark pair production cross section in the threshold region,
taking into account initial state radiation and the influence of the ILC luminosity spec-
trum. The size of the theory uncertainties originating from QCD scale variations relative
to typical expected statistical uncertainties of measurements at future colliders or external
uncertainties for several parameters influencing the threshold behaviour are also shown.
The expected statistical uncertainty for single parameter measurements are obtained
from the variance of the results of template fits to 10 000 toy MC experiments using the
efficiencies and background levels given above, assuming integrated luminosities as described
below. For two dimensional extractions, 1 000 000 toy MC experiments are performed, with
uncertainties extracted from the 1 σ contours of the probability distribution of the fit results.
The systematic uncertainties due to scale variations are evaluated by varying the scale used
to calculate the input cross section.
3 Optimising the scan range
Figure 1 right clearly shows that the sensitivity to the mass mt, width Γt and Yukawa
coupling yt varies across the threshold region. Depending on the primary goals of the
threshold program, the extension in energy and the exact placement of the data points
can thus be optimised to minimise the required running time or to maximise the statistical
precision. While the highest sensitivity to the mass is given in region of the steepest rise of
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the cross section, here around 343 GeV, the regions below and slightly above this value are
most sensitive to Γt, while sensitivity to yt is largest at higher energies.
For an optimal use of the changing sensitivities, the target position of the scan points
should be known with an accuracy on the order of 200 - 300 MeV, as also apparent from
Figure 1 right. This in turn requires a prior knowledge of the top quark mass with a
precision of 100 - 150 MeV, since an uncertainty of the mass directly translates into an
uncertainty of the exact location of the threshold in energy by a simple multiplication of
two. This precision is required in a theoretically well-defined mass scheme, such as the PS
mass used here, or the pole mass. Given the uncertainties associated with the interpretation
of the mass parameter in event generators used in most top quark mass measurements at
the LHC, LHC measurements alone will most likely not reach a sufficient precision. More
precise measurements could be obtained from measurements using radiative tt¯ events at
e+e− collision energies in the continuum above the threshold, which may be performed
before a threshold scan is performed, as discussed in [17].
The threshold region itself also offers the possibility to determine the mass in a first
initial measurement with sufficient precision with a small fraction of the total integrated
luminosity foreseen for a full threshold scan. Assuming an initial uncertainty of the top
quark mass in the PS mass scheme of 1 GeV, a single measurement is however not sufficient,
since this would require a 4 GeV wide region that is guaranteed to provide unambiguous
sensitivity to the mass also when considering theoretical uncertainties. As shown in Figure
1, the region with mass sensitivity is indeed approximately 4 GeV wide, but the theoretical
uncertainties lead to ambiguities in the region of the would-be 1S peak. This issue can be
resolved by performing a first exploratory measurement with two data points of 5 fb−1 each,
where the data points are placed at 2×mPSt,initial − 1.5 GeV and at 2×mPSt,initial + 0.5 GeV,
with mPSt,initial representing the input top quark mass in the PS mass scheme prior to the
threshold scan. With an input uncertainty of 1 GeV, the top quark mass can be determined
with a precision of approximately 100 MeV taking the combined statistical and theoretical
uncertainties into account. For the purpose of determining the location of the scan points,
experimental systematics as well as parametric uncertainties due to the strong coupling
constant are not relevant since they are present in the same way in the full scan and thus
cancel in this case.
For the measurement of the top quark mass alone, assuming all other parameters follow
the Standard Model, the optimal point for the measurement is the region of the largest
derivative of the cross section as a function of the mass, at 343 GeV in the chosen parameter
set. Here an integrated luminosity of 200 fb−1 concentrated in this one point would result
in a statistical uncertainty of approximately 5 MeV. The expected systematic uncertainties
far exceed this value, with theoretical uncertainties given by the scale uncertainties of
41 MeV, and the parametric uncertainties from the strong coupling constant of 3 MeV
per 10−4 uncertainty. Considering that such a single point measurement also excludes the
measurement of other parameters, it clearly is not a viable option for a top threshold physics
program.
Previous studies have typically assumed a threshold scan with 10 equidistant points
spaced by 1 GeV, as illustrated in Figure 1 left. In this approach, half of the integrated
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Figure 2. Illustration of the 8 point scan covering an energy range of 6 GeV around the threshold,
optimised to measure the mass and width of the top quark. The impact of variations of mt and Γt
are also indicated, showing the placement of the data points in the relevant region.
luminosity is placed in a region that is primarily sensitive to the Yukawa coupling and to
the strong coupling constant, and is also characterised by growing theoretical uncertainties.
A measurement of yt at threshold will thus quickly be systematics limited, and not be com-
petitive with other model-dependent indirect measurements and with direct measurements
of tt¯H final states. While a certain degree of sensitivity to yt from the threshold program
is interesting, the choice of the energy points should consequently focus more on mt and
Γt. We thus propose a reduced range of 6 GeV, with the measurement points placed pref-
erentially in regions that have sensitivity to both mt and Γt. This results in an 8 point
scan with 25 fb−1 per data point, with the data points placed at 340, 341, 341.5, 342.5,
343.5, 344, 345 and 346 GeV, as illustrated in Figure 2, which also shows the variations of
the cross section with mt and Γt. A numerical optimisation of the location of these scan
points has not been carried out, the proposal represents an ad-hoc choice based on the
arguments outlined above. In general, the performance does not depend strongly on the
exact placement of the data points, as long as the regions with sensitivity to the relevant
parameters are adequately covered.
4 Results with an 8 point scan
The top quark pair production threshold scan introduced in Section 3 has been studied
for the ILC TDR luminosity spectrum, assuming a total integrated luminosity of 200 fb−1.
The results are compared to the scenario used in previous studies, with the same total
integrated luminosity spread over 10 equidistant energy points from 340 GeV to 349 GeV.
4.1 Measurement of the top quark mass
For a one dimensional fit of mt, the statistical uncertainty is 10.3 MeV, compared to
12.2 MeV for the 10 point scan. At the same time, the theoretical uncertainty originat-
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Figure 3. The probability distribution of fitted Γt and mt (left) and yt and mt (right) values in
two-dimensional fits of the top threshold using the 8 point scan at ILC, obtained from one million
toy MC experiments each. The 1 and 2 σ contours, corresponding to the regions containing 68.3%
and 95.4% of all experiments, are also shown.
ing from scale uncertainty increases to 43 MeV from 40 MeV with the reduced range of the
threshold scan. The parametric uncertainty due to the strong coupling constant remains
unchanged at 2.9 MeV per 10−4 uncertainty in αs.
4.2 Two-dimensional fits of cross section measurements in the threshold region
The capability for simultaneous measurement of two parameters of the top quark, either Γt
and mt or yt and mt, is studied by performing a two-dimensional template fit of simulated
cross-section measurements in the threshold region. The fit is performed by calculating
the χ2 of the data points with respect to a two-dimensional grid of cross section templates
for different Γt and mt or yt and mt values, and subsequently fitting a two-dimensional
parabola to the χ2 distribution. The fitted pair of parameters is given by the minimum
of this parabola. The statistical uncertainty and the correlation between parameters are
studied by performing one million toy experiments. Figure 3 shows the result of these fits
for the 8 point scan.
Figure 4 illustrates the impact of changing the threshold scan range on the two-
dimensional measurements. While there is a substantial improvement in the fit of Γt and
mt, in particular on Γt, the 8 point fit results in a slight deterioriation of the fit of yt, and
an increase in the correlation between yt and mt. This behavior is expected, since the 8
point scan substantially reduces the amount of integrated luminosity above the threshold,
where the sensitivity to yt is largest and the sensitivity to mt is low.
Table 1 summarizes the results for both threshold scan scenarios. For the two dimen-
sional fits the extension of the 1 σ contour in the corresponding direction, relative to the
mean fitted value to capture potential asymmetries of the contours, is given as the uncer-
tainty. Theoretical uncertainties are symmetrized. For the mass and the Yukawa coupling,
the parametric uncertainty originating from the strong coupling constant has also been eval-
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Figure 4. Comparison of the 1 σ contours of two dimensional fits of Γt and mt (left) and yt and mt
(right) for the two different threshold scan scenarios discussed here, the 8 point scan with reduced
energy range, and the standard 10 point scan.
Table 1. Summary of the results of 1D and 2D fits for the two threshold scan scenarios. For the
2D fits, the statistical uncertainties give the extent of the 1 σ contour in the respective direction.
parameter 8 point scan 10 point scan
1D fit
mt (±10.3(stat) ± 44(theo)) MeV (12.2(stat) ± 40(theo)) MeV
2D fit mt and Γt
mt (+20.7−24.3(stat) ± 45(theo)) MeV (+29.7−25.3(stat) ± 43(theo)) MeV
Γt (+50−55(stat) ± 32(theo)) MeV (+80−55(stat) ± 39(theo)) MeV
2D fit mt and yt
mt (±35(stat) ± 45(theo)) MeV (+34−31(stat) ± 42(theo)) MeV
yt
+0.12
−0.14(stat) ± 0.09(theo) +0.128−0.112(stat) ± 0.132(theo)
uated. For mt, this amounts to 2.9 MeV per 10−4 uncertainty in αs for the one dimensional
fit, irrespective of the scanning scenario. For the two-dimensional fit it is 1.7 MeV for mt
and 0.0088 for yt per 10−4 uncertainty in αs for the 8 point scan. For the original 10 point
scan, the parametric uncertainty on yt is slightly reduced to 0.0075 per 10−4 uncertainty in
αs, while the uncertainty for mt remains the same.
5 Conclusions
A scan of the top quark pair production threshold at the future ILC or other energy-frontier
e+e− colliders will provide a highly precise measurement of the top quark mass in theoret-
ically well-defined mass schemes with a precision of 75 MeV or better. Beyond the mass,
measurements of the top quark width or of the Yukawa coupling can also be performed by
applying two-dimensional fits to the measured cross sections in the threshold region. Here,
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the optimization of the energy range of the scan, and of the distribution of the integrated
luminosity within this range has been studied. Such an optimization implies the need for
a prior knowledge of the top quark mass to within 150 MeV in theoretically well-defined
mass schemes, which can be achieved with an exploratory measurement using two energy
points with 5 fb−1 each, spaced by 2 GeV. With an initial precision of the top quark mass
of 1 GeV such a measurement will result in an adequate precision to determine the required
range and placement of the measurement points of the full scan. Since relatively large
theoretical and parametric uncertainties limit the achievable precision on yt, the scanning
strategy proposed here concentrates primarily on the region most sensitive to mass and
width, resulting in the choice of an 8 point scan spanning 6 GeV from 2 ×mPSt - 3 GeV
to 2×mPSt + 3 GeV. With such a scan, top quark mass measurements with a precision
of better than 75 MeV, measurements of the width on the level of better than 100 MeV,
and a measurements the Yukawa coupling to 15% are possible with a total integrated lu-
minosity of 200 fb−1, considering both statistical and the leading systematic uncertainties.
While the present study has been performed assuming the luminosity spectrum of ILC, the
conclusions for other collider options such as CLIC or FCCee are similar.
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